We present solutions of the Einstein equations that extend the static Schwarzschild solution in empty space to regions of non-zero energy density ρ and radial pressure p = wρ, where w is a constant equation of state parameter. For simplicity we focus mainly on solutions with constant ρ. For w = 0 we find solutions both with and without a singularity at the origin. Possible applications to galaxies are considered, where we find enhanced velocity rotation curves towards the edge of a galaxy. We propose that our explicit non-singular solution with w = −1 describes the interior of a black hole, which is a form of vacuum energy, and verify that its entropy is consistent with the Bekenstein-Hawking entropy. We propose that this idea can perhaps be applied to a cosmological constant, i.e. dark energy, if one views the latter as arising from black holes as pockets of vacuum energy. We estimate the energy density of the resulting cosmological constant to be ρ Λ ≈ 10 −30 g/cm 3 , which is very close to the measured value. We also present solutions with non-constant ρ = 1/r 2 . a andre.
I. INTRODUCTION
The Schwarzschild solution [1] to Einstein's equations is based on a zero stess-energy tensor T µν . It is static and spherically symmetric, and the total mass is M. It was eventually understood that it has an event horizon at the Schwarzschild radius r s = 2MG/c 2 where M is the central mass, and this led to the development of the theory of black holes. The solution has a singularity at the origin r = 0. The standard point of view is that anything that falls into the black hole beyond r s will eventually reach the singularity, and perhaps quantum gravity effects can resolve this singularity. It is not obvious that this is the only possibility. The reason for the singularity is quite clear: the source of gravity is treated as a point mass M from the very beginning. On the other hand, the Newtonian gravitational potential of a sphere with constant mass density is not singular at the origin. It would be desirable to discover a classical resolution of the singularity which predicts the internal structure of black holes, and this is the subject of this work.
Theories for the internal structure of black holes may even be testable now that gravitational waves from black hole mergers have been detected [2] . These experimental results were the main motivation for our work. There may be some signature of the internal structure of a black hole in the gravitational wave signal, however we will not address this complicated aspect here.
For simplicity, we introduce a length scale r 0 such that T µν = 0 for r > r 0 , T µν = 0 for r ≤ r 0 .
Thus, for r > r 0 the solution must be equal to the Schwarzschild solution with total mass M. In finding solutions, one needs to match the Schwarzschild solution at r = r 0 . Although this is a rather straightforward approach, it's not clear from the beginning that interesting exact solutions exist. However, we will present many such solutions, some of which extend to the interior of a black hole.
Let us summarize our main results. Henceforth we set the speed of light c = 1. Planck's constant = 0 will only be relevant in Section VII in connection with the Hawking temperature. In the next section we present the Einstein equations in a form that we could not find in the literature and are easier to solve. We mainly focus on solutions with constant non-zero energy density ρ in the region r < r 0 . In Section IV we find solutions with zero radial pressure p, which is commonly attributed to matter. We present solutions with and without singularities at r = 0, the latter being simpler. The solution without a singularity has a black hole limit where r s = r 0 . However it remains unclear if this limit is physically meaningful since the effective speed of light vanishes. In Section V we discuss possible applications of our non-singular solution for r 0 > r s to galaxies. We find that the velocity rotation curve v(r) is enhanced at the outskirts of the galaxy, and reminiscent of dark matter explanations. However it is beyond the scope of this work to make detailed comparisons with the experiments [4] .
In Section VI we consider non-zero radial pressure p = wρ where w is a constant, focusing on non-singular solutions, and we present solutions for arbitrary w. The case w = −1 is especially interesting since the energy density and pressures are equivalent to vacuum energy.
In Section VII we study the black hole limit r 0 = r s . This solution has no singularity at the origin and does not have the peculiarity that the effective speed of light vanishes inside the black hole as was the case for w = 0. We propose that this is the correct internal structure of a black hole. As a check of this idea we calculate the entropy of the black hole and recover the Bekenstein-Hawking entropy if one assumes that the temperature is the Hawking temperature.
In Section VIII we propose that the observed non-zero cosmological constant arises from the pockets of vacuum energy inside black holes. We estimate the energy density ρ Λ of such a cosmological constant and find ρ Λ ≈ 10 −30 g/cm 3 which is surprisingly close to the measured value.
Finally in Section IX we present a solution with non-constant energy density ρ = 1/r 2 .
However we can not offer a potentially physical interpretation of this solution.
II. THE EINSTEIN EQUATIONS
The general static metric is defined by the line element
Further calculations are largely based on Weinberg's comprehensive book [3] . The non-zero Christoffel symbols are
where a ′ denotes the derivative with respect to r, i.e. a ′ = da/dr, etc. The Einstein equations are
where the non-zero components of G µν are
We take the following form for the stress-energy tensor:
T tt = ρ e 2a , T rr = p e 2b (11)
where ρ is the energy density and p, p θ are pressures. The metric factors e 2a and e 2b are necessary in the above equation: for instance for vacuum energy T µν = −ρ g µν . The pressures in T θθ and T ϕϕ must be identical due to the first eqality in (10) .
It will be convenient to rescale ρ and the pressures as follows ρ = 8πG ρ, p = 8πG p, p = 8πG p θ (13) such that ρ, p and p all have dimensions of inverse length squared. The Einstein equations now read
These equations are generally difficult to solve due the second order equation (16). However one can replace the latter with a first order equation by differentiating (15) and using (14). One obtains the somewhat complicated equation, which will turn out to be very useful:
This equation can be understood as a statement of energy-momentum conservation since
Bianchi identities ensure that T µν is covariantly conserved D µ T µν = 0 [3] .
We will refer to p as the radial pressure and p as the orbital pressure. One novelty of our work is that the form of the above equations (14) 
III. THE SCHWARZSCHILD SOLUTION
To warm up, it is instructive to reproduce the known Schwarzschild solution from the above equations. Here, we assume a central point mass M at r = 0, and for r > 0 we have ρ = p = p = 0. Using (14) and (15) one finds
where r s and α are constants of integration. Imposing that g µν approaches the Minkowski empty space metric as r → ∞, and using g tt = −e 2a → −1 − 2Φ(r) where Φ(r) = −MG/r is the Newtonian potential [3] , one finds α = 0 and
where r s is the Schwarzschild radius
It is important to note that the above solution depends on determining the constant of integration and that (16) is automatically satisfied due to the equivalent equation (17).
IV. SOLUTIONS WITH CONSTANT NON-ZERO ENERGY DENSITY, AND ZERO RADIAL PRESSURE
A. General Solutions ignoring the boundary conditions.
In this section we consider solutions with constant energy density ρ, and with zero radial pressure, i.e. p = 0, which is commonly associated with cold matter. We will ignore the boundary condition (1) at r = r 0 for the remainder of this sub-section, but will impose it later.
Since ρ has units of inverse length squared, let us define
where ℓ has units of length and is constant in r. The solution to (14) and (15) is
where α and β are constants of integration, and x-roots are the three roots of the cubic algebraic equation
B. Solution for all r with no singularity at r = 0 and its Black Hole limit.
Let us first impose that there is no singularity in b(r) at r = 0. Then β = 0 and the x-roots are simply
By redefining the constant α one finds the solution
where C is a real constant.
Next we require that the above solution matches the Schwarzschild solution at r = r 0 :
The first equation is easily interpreted since it simply implies
Multiplying the two equations, one concludes
Requiring C 2 to be real implies r 2 0 /2ℓ 2 ≤ 1, and together with (29)
Finally, using (17) one finds the orbital pressure has the simple expression:
Recall there is no matter for r > r 0 where the solution is the usual Schwarzschild solution.
The equation (31) implies that the Schwarzschild radius is generally inside the region with a distribution of matter where r < r 0 , so that our solution does not represent the interior of a black hole, except possibly for r s = r 0 , which will be considered below. It is important to note that our solution is not singular at r = 0. We interpret the non-zero orbital pressure p as orbital motion that stabilizes any time-dependent collapse. This is analogous to Newton's original insight that, contrary to an apple, the Moon does not collapse into the Earth because of its orbital motion.
Black Hole limit? Consider the limiting case r s = r 0 , which is in principle allowed by (31). In this case, all the matter is inside the Schwarzschild radius, and our solution arguably extends the Schwarzschild solution into the interior of the event horizon of a black hole, which is rather intriguing. At r = 0 the metric is
where C can be interpreted as an effective speed of light. However (29) and (30) imply that the effective speed of light C = 0. This would seem to be consistent with the fact that light cannot escape the event horizon, since it is slowed down to zero speed everywhere inside, namely, C = 0 for all r < r s . Also note that the orbital pressure p = 0 at r = 0. However it is not entirely clear that C = 0 is physically sensible. Fortunately in Section VI we will find a more sensible solution with a different equation of state, namely p = −ρ, as for vacuum energy.
C. Solutions with β = 0.
Let us now turn to solutions with a singularity at the origin where β = 0. The solutions are more complicated, but nevertheless have analytic expressions.
Define
The roots to (24) are then
We express the solution in the above form in order to properly keep track of branches.
In order for the metric to be real, we require that β is real. There are two cases to consider:
Here |β| > 2/3 and β is real. In general the x i are complex, however we only require that a(t) is real, which is compatible with complex x i . For instance when 0 < β < 1, then it turns out that x 3 = x * 1 and x 2 is real, which implies that a(r) in (23) is real. On the other hand when β < 0, x 2 = x * 1 and x 3 is real so that again a(r) is real. Incidentally, it turns out that if 0 < β < 1 is rational, then so is β. For instance β = 9/10 corresponds to β = 181/270.
Case 2.
Here |β| < 2/3, and
One sees that | β| = 1 such that β is a pure phase. Let us parameterize it as
A nice feature of this case is that the x-roots are real:
These roots satisfy
The case β = 0 of the last section corresponds to γ = 1/6 and β = −i. The roots x/ℓ = 1 lead to singularities in the expression (23) for a(r), and won't be further considered here.
Rather than attempt to solve all such cases, for illustrative and simplifying purposes, we will limit ourselves to Case 2 where all x-roots are real. Returning to (23), for each x i one has log((x i −r)/ℓ) = log |(x i −r)/ℓ| or log |(x i −r)/ℓ| + iπ depending on the sign of (x i −r).
If r is such that the iπ is required, then this just leads to a constant that can be absorbed into the constant α. Consequently, defining
one finds the solution
Above, C 2 is required to be a real constant which implicitly depends on β. Matching the above solution to the Schwarzschild solution at r = r 0 , one obtains r s r 0 = r 2 0 3ℓ 2 + βℓ r 0 (45)
V. POSSIBLE APPLICATION TO GALAXIES
A galaxy can be modeled as a fluid where the particles consist of stars, black holes, radiation, and possibly hypothetical dark matter. Let us ignore the radiation content. We also assume the radial pressure p = 0, which is commonly attributed to pure matter. The visible matter has a density profile ρ(r) which is observed to be non-constant in r. For simplicity, we assume all the matter is in a region r < r 0 , and ρ is constant in this region.
Since a galaxy is not a black hole, r s < r 0 . We also assume there is no singularity at the origin. Then the results of the last section should apply with β = 0.
Thus we consider the solution (26) with r s < r 0 where M is the total mass of the galaxy, where inside the galaxy, r < r 0 . As before, we identify the gravitational potential Φ(r) as e 2a = 1 + 2Φ. It should be kept in mind that this is an approximation for large r [3] .
A mass in a circular orbit of radius r has a speed v determined by where v(r) ∝ r. One interesting feature of (48) is that as r increases, v(r) is increased beyond the Newtonian limit. This is reminiscent of the enhanced velocity curves on the outskirts of galaxies.
The latter is commonly attributed to so-called dark matter. Our results suggest the possibility that the enhanced velocity curves are perhaps an effect of General Relativity with ordinary matter. It is beyond the scope of this paper to delve deeper into this possibility and to compare the result (48) with measured velocity curves [4] , in order to settle this issue.
VI. SOLUTIONS WITH NON ZERO RADIAL PRESSURE
Here we consider ρ = 1/ℓ 2 , p = w ρ (49)
where ℓ and w and constants. In cosmology, for matter, radiation, and vacuum energy, w = 0, 1/3, −1 respectively, and these are still interesting cases in our context.
A.
General w
The solution of the last section still applies with modified exponents ν i . Namely (43) and
(44) still apply, where the x i satisfy the same cubic equation (24), however now
Matching to the Schwarzschild solution at r = r 0 , one again obtains (45) and (46) with these modified exponents ν i .
For simplicity, let us consider non-singular solutions in e 2b where β = 0. Then, as before,
Matching to the Schwarzschild solution at r = r 0 , one finds which is entirely consistent with vacuum energy. In the next section, we will apply this solution to the interior of a black hole.
VII. THE INTERIOR OF A BLACK HOLE AS VACUUM ENERGY

A. The solution inside the event horizon
Consider the non singular solution of the last section (β = 0) with w = −1 where ν = 1.
Recall that by construction for r > r 0 the solution is the Schwarzschild one. Let r 0 → r s , approaching the limit from above. In this limit, all the matter is inside the event horizon at r s and can be interpreted as a black hole. It turns out that in this limit C 2 = 1, which is more physically sensible than C 2 = 0 in Section IV where w = 0. Inside the black hole r < r s the solution is
where r s /r 0 = r 2 0 /3ℓ 2 , which just implies (29). The original black hole singularity at r = 0 of the Schwarzschild solution no longer exists. Furthermore, inside the black hole, the energy and pressures are interpreted as vacuum energy due to (53).
B. Black Hole Entropy
Basic laws of thermodynamics, with zero chemical potential, imply
Here U is the internal energy, so that U = ρV . One has dU = ρdV + dρV and the ρdV term is cancelled when p = −ρ. Thus dS/dρ = V /T , which implies S = M/T + const. If M = 0, then nothing exists, and the entopy S must be zero. Thus we set the constant above to zero, which leads to
Thus far, our analysis has been purely classical with = 0. Although we cannot justify the following based on our classical analysis, let us nevertheless identify the temperature
(57) with k B equal to Boltzmann's constant. Identifying the area A = 4πr 2 s , one recovers the Bekenstein-Hawking entropy which is proportional to the area [5, 6] :
where ℓ p = √ G is the Planck length.
VIII. COULD THE COSMOLOGICAL CONSTANT ORIGINATE FROM THE VACUUM ENERGY INSIDE BLACK HOLES?
In the last section, we have proposed that the interior of a black hole consists of vacuum energy. Just as the matter content of the universe is treated as a fluid, where the "particles" are individual galaxies, black holes can be considered as pockets of vacuum energy, and on average constitute a total vacuum energy density ρ Λ . We suggest that the latter can perhaps be interpreted as a cosmological constant, namely dark energy. In the following, we can only make rough estimates, however such estimates turn out to be quite good.
A. The Cosmological Constant
Let ρ Λ denote the total vacuum energy of the universe due to black holes. Then the average ρ Λ is
where V bh is the average volume of a black hole, V total is the total volume of the universe, N g is the number of galaxies, N bh is the average number of black holes per galaxy, ρ bh is the average density of a black hole, and M bh is the average mass of a black hole. If ρ total is the total energy density of the universe, then ρ Λ /ρ total = M bh−total /M total < 1 where M bh−total is the sum total of the masses of all black holes in the universe, and M total is the total mass of the universe.
The above formula (59) for ρ Λ is compatible with the measured cosmological constant ρ Λ = 0.7 × 10 −29 g/cm 3 [7, 8] , for some very reasonable estimates of the parameters. For instance, let us take the known estimates N g = 10 11 , N bh = 10 8 as in our own galaxy, and the estimate V total = 4. × 10 86 cm 3 . The average black hole mass M bh is harder to estimate since it can range from 10M ⊙ to 10 9 M ⊙ . Given this situation, it makes sense to take the geometric mean of these extreme limits. Thus we take M bh = 10 5 M ⊙ . Then (59) gives ρ Λ ≈ 10 −30 g/cm 3 , which is surprisingly close to the measured value; it is almost too good.
Based on experiments [7, 8] this rough calculation implies
B. Further Cosmological speculations
If the above idea is correct, we can try to push it further and estimate the ratio of the total energy density of visible matter ρ visible to the total energy density of the universe ρ total .
Considering a single galaxy, then repeating the above somewhat simplistic arguments one finds
where N s is the average number of stars per galaxy and M s is the average mass of a star.
We will use the estimate N s ≈ 2.5 × 10 11 for our own galaxy. The mass of a star can vary from M ⊙ /2 to 8M ⊙ . As before we take the geometric average, M s ≈ 2M ⊙ . Using the above rough estimates one obtains
In order to compare with known results, we consider
where we have used our estimate (60) for ρ Λ /ρ total ≈ 0.7 based on the above idea that black holes are the origin of the cosmological constant. The above value (63) should be compared to the measured value ρ visible /ρ total ≤ 5% and one sees it is a reasonably good estimate [8] .
What remains unexplained in this scenario is dark matter, whose nature we cannot say much about based on this work. Nevertheless let ρ m denote the average density of matter.
By the above estimate, the density of visible matter ρ visible is nearly negligible. Thus, defining the average dark matter density as ρ dark−matter
The above dark matter energy density is an average, and could vary from one galaxy to another, depending on the number of black holes in the galaxy. This could explain recent observations of galaxies with apparently very little dark matter [9] , the explanation being that a galaxy with no apparent dark matter may be a consequence of an over abundance of black holes.
IX. SOME SOLUTIONS WITH NON-CONSTANT ENERGY DENSITY
For the previous sections, we considered constant energy density ρ. In this section we consider the case ρ = σ r 2 , p = 0
where σ is a constant. One can find an exact solution for any σ, which we do not present here. The case σ = 1 is particularly simple:
where c 1,2 are constants of integration, and ℓ is a length scale. Matching to the Schwarzschild solution, one finds
Note that this solution is unavoidably singular at r = 0, and we don't have much more to say about it here.
X. CONCLUDING REMARKS
We already summarized our results and proposals in the Introduction, so let us just
remark on some open questions, of which there are many which are beyond the original scope of this work.
⋆ We proposed that the interior of a black hole is vacuum energy and this could potentially explain the observed value of the cosmological constant. What is interesting about this proposal is that it has nothing to do with Quantum Mechanics nor Quantum Gravity. We only introduced in order to compare with the Bekenstein-Hawking entropy. Is there indeed a purely classical resolution of the original black hole singularity as we proposed? A related question is whether the temperature T in the black hole entropy formula (56) is necessarily the Hawking temperature T H which does depend on . String theory models suggest that the temperature should equal T H [10] , however our classical model is much simpler.
⋆ Is there a physical application of the singular solutions for zero radial pressure presented in Section IV, in particular those for Case 1, which were not studied in much detail?
⋆ Except for Section IX we considered only constant energy density ρ. Are there interesting solutions with a more realistic density profile ρ appropriate to galaxies? How do the resulting velocity rotation curves v(r) compare with experiments [4] ?
⋆ Are there physically sensible solutions for the interior of a black hole where the matter is deeply inside, i.e. r 0 < r s ? Based on (45) this may be possible for non-zero β where r 2 0 /3ℓ 2 > 1 − βℓ/r 0 .
⋆ Since the measurement of gravitational waves from black hole mergers is now possible [2] , is it feasible to detect any potential internal structure of a black hole, as of the kind proposed in this work?
⋆ Do the solutions in Section IV with zero radial pressure p actually make physical sense in the black hole limit where the effective speed of light is zero?
